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Simple $K3$ Singularities Moduli II
(Tadashi TAKAHASHI)1)
1. Nondegenerate hypersurface simple $K3$ singularities
Simple $K3$ singularities $(0,2)$ 3 Gorenstein purely elliptic singularity
([1])0 Nondegenerate hypersurface simple $K3$ singularities
Newton Newton
3 face (1,1,1,1)
Nondegenerate hypersurface simple $K3$ singularities
95 moduli
moduli ( )
\mbox{\boldmath $\tau$} moduli ( )
Newton
Newton ( )
Nondegenerate hypersurface simple $K3$ singularities moduli
1 19 Moduli 1 3 moduli
2 8 moduli 3 7 Moduli




























$x^{2}$ , xyzw, $y^{5},$ $xw^{4},$ $z^{5}w,$ $y^{2}z^{2}w^{2},$ $yzw^{5},$ $w^{8}$
8
$x^{2},$ $y^{5},$ $xw^{4},$ $z^{5}w$ 4 $x=x’+$
ayzw $a$ xyzw $x=x’+bw^{4}$
$b$ $xw^{4}$ ( $w^{8}$
)
$x^{2},$ $y^{5},$ $z^{5}w,$ $w^{8}$ 4 1











1 3 (Nondegenerate hypersurface simple $K3$ singularities
moduli 1, 2, 3 ) \mbox{\boldmath $\tau$} moduli
moduli
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hypersurface simple $K3$ singularities moduli 1





{ $r_{1}\neq 0$ or $27r_{2}^{5}+1\neq 0$ } and { $r_{1}^{5}+16\neq 0$ or $r_{2}\neq 0$ }
$f_{46}=x^{2}+y^{3}+z^{11}+zw^{12}+r_{1}z^{6}w^{6}+r_{2}yz^{4}w^{4}$
{144 $r_{1}^{2}\neq 1$ or $64r_{2}^{3}\neq-1587$ } and { $r_{1}^{2}\neq 4$ or $r_{2}\neq 0$ }
$f_{61}=x^{2}z+y^{4}+z^{4}w+w^{7}+r_{1}y^{2}zw^{2}+r_{2}z^{2}w^{4}$
{ $r_{1}^{4}-64\neq 0$ or $r_{2}\neq 0$ } and { $r_{1}^{4}-64\neq 0$ or $2r_{2}-r_{1}^{2}\neq 0$ }
and { $r_{1}^{4}-1024\neq 0$ or $16r_{2}-r_{1}^{2}\neq 0$} and




$12877824r_{1}^{4}-38592r_{1}^{8}+27r_{1}^{12}-1879048192\neq 0$ or $r_{2}^{2}\neq 4$ } and‘
{ $r_{1}(-256+r_{1}^{4})=0$ or 512+3$r_{1}^{4}=0$ or $-25024+63r_{1}^{4}=0$ or
$-11328r_{1}^{4}+9r_{1}^{8}+1048576\neq 0$ or $12288r_{2}\neq r_{1}^{2}(2752-3r_{1}^{4})$}
and




{ $r_{1}(-256+r_{1}^{4})=0$ or $-134217728+1867776r_{1}^{4}-4288r_{1}^{8}+3r_{1}^{12}=0$
or – 150994944$r_{1}^{4}+720896r_{1}^{8}-1600r_{1}^{12}+r_{1}^{16}+17179869184\neq 0$
or 335544320$r_{2}\neq r_{1}^{2}(4194304+172032r_{1}^{4}-1216r_{1}^{8}+r_{1}^{12})$}
and { $r_{1}^{4}\neq 64$ or $4r_{2}\neq-r_{1}^{2}$ } and { $r_{1}^{4}\neq 256$ or 8 $r_{2}\neq-r_{1}^{2}$ }
and { $r_{1}^{4}\neq 256$ or $8r_{2}\neq r_{1}^{2}$ } and { $r_{1}\neq 0$ or $r_{2}^{2}\neq 4$ }
$f_{65}=x^{2}z+y^{3}+z^{6}w+w^{11}+r_{1}z^{3}w^{6}+r_{2}yz^{2}w^{4}$
{ $r_{1}=0$ or $r_{1}^{2}-4=0$ or
$(864+216r_{1}^{2})r_{2}^{3}+16r_{2}^{6}\neq-11664+5832r_{1}^{2}-729r_{1}^{4}\}$
and { $r_{1}^{2}\neq 4$ or $r_{2}^{3}\neq-108$ } and { $r_{1}^{2}\neq 4$ or $r_{2}\neq 0$ } and
{ $r_{1}\neq 0$ or $r_{2}^{3}+27\neq 0$ }
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$f_{80}=x^{2}+y^{3}z+z^{8}w+w^{11}+r_{1}yz^{3}w^{4}+r_{2}z^{4}w^{6}$
{ $r_{1}=0$ or $r_{2}=0$ or
$(-5832+216r_{1}^{3})r_{2}^{2}+729r_{2}^{4}\neq-11664-864r_{1}^{3}-16r_{1}^{6}\}$ and
{ $r_{1}\neq 0$ or $r_{2}^{2}\neq 4$ } and { $r_{1}^{3}\neq-27$ or $r_{2}\neq 0$ }
$f_{84}=x^{3}+xz^{3}+y^{3}z+yw^{4}+r_{1}z^{2}w^{3}+r_{2}$xyzw
{ $r_{2}^{2}-12=0$ or $27r_{1}^{2}+r_{1}r_{2}(-18+r_{2}^{2})+16-r_{2}^{2}\neq 0$ } and
{ $r_{2}^{2}-12\neq 0$ or $9r_{1}-r_{2}\neq 0$} and
{ $r_{2}^{2}+12=0$ or 27$r_{1}^{2}+r_{1}r_{2}(18+r_{2}^{2})-16-r_{2}^{2}\neq 0$ } and
{ $r_{2}^{2}+12\neq 0$ or $9r_{1}+r_{2}\neq 0$ }
$f_{86}=x^{2}y+xw^{4}+y^{3}w+z^{5}+5r_{1}zw^{5}+5r_{2}yz^{2}w^{2}$
{ $1728r_{1}^{5}-1\neq 0$ or $r_{2}\neq 0$ } and { $r_{1}\neq 0$ or $64r_{2}^{5}-1\neq 0$ }
$f_{91}=x^{2}+y^{4}z+yz^{5}+yw^{6}+r_{1}z^{3}w^{4}+r_{2}y^{2}z^{2}w^{2}$
{ $r_{1}\neq 0$ or $r_{2}\neq 0$ } and { $12r_{1}+r_{2}^{2}!=0$ or 2$r_{2}^{3}+27\neq 0$} and




{ $r_{1}^{2}\neq 4$ or $3r_{2}+4r_{3}^{2}\neq 0$ or $27r_{1}^{2}+r_{1}(-108+72r_{2}r_{3}+64r_{3}^{3})$
$\neq-108+16r_{2}^{3}+144r_{2}r_{3}+16r_{2}^{2}r_{3}^{2}+128r_{3}^{3}\}$
and
{ $r_{1}^{2}\neq 4$ or 4$r_{3}^{2}\neq-3r_{2}$ or $9r_{1}\neq 18-4r_{2}r_{3}$ }
$f_{n}$ $n$ Moduli
2 91 ( $No.91$
) moduli
$x^{2}+y^{4}z+yz^{5}+yw^{6}+r_{1}z^{3}w^{4}+r_{2}y^{2}z^{2}w^{2}=0$
{ $r_{1}\neq 0$ or $r_{2}\neq 0$ } and { $12r_{1}+r_{2}^{2}!=0$ or $2r_{2}^{3}+27\neq 0$ } and { $r_{1}\neq 0$ or $r_{2}^{3}+18\neq 0$ }
Nondegenerate simple $K3$ singularity
3. Deformation
2 \mbox{\boldmath $\tau$} degenerate
singularity non-isolated singularity o $f_{30}$
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$r_{1}=0$ $f_{30}$ singularity
non-isolated singularity $f_{30}$ higher terms ( 1
) $yz^{5}$ $zw^{5}$
$x^{2}+y^{5}+yz^{5}+zw^{5}+ay^{2}z^{2}w^{2}+$ (higher terms) (a )
$x^{2}+y^{5}+z^{5}w+w^{8}+5r_{1}y^{2}z^{2}w^{2}+5r_{2}yzw^{5}+yz^{5}+zw^{5}=0$
singularity $r_{1}=0$
No.30 singularity No.73 singularity o
moduli 2 hypersurface simple $K3$ singularities
$f_{57}$ $r_{1}^{2}=4$ $f_{57}$
singularity non-isolated singularity 0 $f_{57}$ higher terms (
1 ) $w^{7}$
$x^{2}z+y^{4}+z^{4}w+w^{7}+ay^{2}zw^{2}+bz^{2}w^{4}$ +(higher terms) (a, b )
$x^{2}y+y^{4}+xz^{3}+w^{6}+r_{1}y^{2}w^{3}+r_{2}yz^{2}w^{2}+r_{3}z^{4}w+w^{7}=0$
singularity $r_{1}^{2}=4$
No.57 singularity No.61 singularity
moduli 3 hypersurface simple $K3$ singularities
( )
No.57 $f$ $f=0$
resolution { $f_{57}$ } $2A1$ , A2, $A4$ , A8 and Simple $K3$
$r_{1}^{2}\neq 4+$ { $f_{61}$ } $2A1,$ $A5$ , A10 and Simple $K3$
‘ moduli 3, 4, ... , 19
Moduli
19 3 resolution \mbox{\boldmath $\tau$} simple $K3$
Moduli 19
simple $K3$
hypersurface simple $K3$ singularities moduli o
A. (Mathematica )
f30 $=x^{\wedge}2+y^{arrow}5+z^{\wedge}5w+w^{arrow}S+$ rl $y^{-}2z^{\wedge}2w^{arrow}2+r2yzw^{arrow}5$ ;
dx $=D[f30,x]$ ; dy $=D[f30,y]$ ; dz $=D[f30,z]$ ; dw $=D[f30,w]$ ;
$Timing$ [$Reduce[\{dx$ , dy, dz, dw} $==\{O,$ $0,0,0\},$ $\{x,$ $y,$ $z,$ $w\}]$ ]
$—-$ –
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$w!=0$ &&r2 $:=0$ &&rl $==0$ &&27*r2\rightarrow 5 $==-3125$ &&(y $==(3^{\wedge}(11/5)*$
$r2^{rightarrow}4*w^{arrow}(8/5))/625$ &&z $==w^{arrow}(7/5)/3^{-}(1/5)$ &&x $==011y==((-1)^{\wedge}(8/_{--}5)*$
$3^{\wedge}(11/5)*r2^{arrow}4*w^{-}(8/5))/625$ &&z $==((-1)^{-}(2/5)*w^{arrow}(7/5))/3^{-}(1/5)$ &&x--
$0$ $||y==((-1)^{\wedge}(6/5)*3^{\wedge}(11/5)*r2^{arrow}4*w^{\wedge}(8/5))/625$ &&z $==((-1)^{\wedge}(4/5)*$
$w^{-}(7/5))/3^{arrow}(1/5)$ &&x $==0$ $||y==((-1)^{\wedge}(4/5)*3^{\wedge}(11/5)*r2^{-}4*w^{arrow}(8/5))/625$
&& $z==((-1)^{arrow}(6/5)*w^{\wedge}(7/5))/3^{\wedge}(1/5)$ &&x $==0$ $||y==((-1)^{arrow}(2/5)*3^{\wedge}(11/5)*$
$r2^{\wedge}4*w^{arrow}(S/5))/625$ &&z $==((-1)^{-}(S/5)*w^{\wedge}(7/5))/3^{-}(1/5)$ &&x $==0$) $||$
r2 $:=0$ &&((y $==011y==011y==011y==0$) &&z $==0$ &&w $==0$
&&x $==0||(y==01|y==01|y==011y==0)$ &&z $==0$ &&w $==0$
&&x $==011(y==011y==011y==011y==0)$ &&z $==0$ &&w $==0$
&&x $==0||(y==01|y==011y==011y==0)$ &&z $==0$ &&w $==0$
&&x $==0||(y==011y==01|y==011y==0)$ &&z $==0$ &&w $==0$
&&x $==0$ ) $||w!=0gg16*r1^{\wedge}5==-3125$ &&r2 $==0$ &&(y $==(2^{\wedge}(9/5)*r1^{arrow}2*$
$w^{arrow}(S/5))/25$ &&z $==2^{arrow}(1/5)*w^{arrow}(7/5)$ &&x $==011y==((-1)^{arrow}(S/5)*2^{arrow}(9/5)*$
$r1^{\wedge}2*w^{\wedge}(8/5\rangle)/25$ &&z $==(-1)^{\wedge}(2/5)*2^{\wedge}(1/5)*w^{-}(7/5)$ &&x $==011$
$y==((-1)^{-}(6/5)*2^{-}(9/5)*r1^{-}2*w^{\wedge}(8/5))/25$ &&z $==(-1)^{\wedge}(4/5)*2^{\wedge}(1/5)*w^{-}(7/5)$
&&x $==0|\backslash$ $|y==((-1)^{-}(4/5)*2^{\wedge}(9/5)*r1^{\wedge}2*w^{-}(8/5))/25$ &&z $==(-1)^{arrow}(6/5)*$
$2^{\wedge}(1/5)*w^{arrow}(7/5)$ &&x $==0||y==((-1)^{\wedge}(2/5)*2^{-}(9/5)*r1^{\wedge}2*w^{\wedge}(8/5))/25$
&&z $==(-1)^{\wedge}(S/5)*2^{-}(1/5)*w^{-}(7/5)$ &&x $==0$ ) $|\backslash |r2==0$ &&((y $==011$
$y==0||y==01|y==0)$ &&z $==0$ &&w $==0$ &&x $==011(y==011$
$y==01|y==011y==0)$ &&z $==0$ &&w $==0$ &&x $==011(y==01|$
$y==011y==011y==0)$ &&z $==0$ &&w $==0$ &&x $==011(y==011$
$y==01|y==01|y==0)$ &&z $==0$ &&w $==0$ &&x $==0||(y==01|$
$y==0||y==011y==0)$ &&z $==0$ &&w $==0$ &&x $==0$ )}
{
$560S_{5}5S$
Second, $w!=0$ &&r2 $!=0$ &&rl $==0$ &&
27 r2 $==-3125$ &&
11/5 4 8/5 7/5
3 r2 $w$ $w$
($y==————–$ &&z $==—-$ &&x $==0||$
625 1/5
3
8/5 11/5 4 8/5








6/5 11/5 4 8/5








4/5 11/5 4 8/5
55








2/5 11/5 4 8/5





$z==————$ &&x $==0$ ) $||$
1/5
3
r2 $!=0$ && ( $(y==0||y==0||y==0||y==0)$ &&z $==0$ &&w $==0$
&&x $==0||$ $(y==0||y==0||y==0||y==0)$ &&z $==0$ &&w $==0$
&&x $==0||$ $(y==0||y==0||y==0||y==0)$ &&z $==0$ &&w $==0$
&&x $==0||$ $(y==0||y==0||y==0||y==0)$ &&z $==0$ &&w $==0$
&&x $==0||$ $(y==0||y==0||y==0||y==0)$ &&z $==0$ &&w $==0$
&& $x==0$ ) $||$
5
$w\iota=0$ && 16 rl $==-3125$ &&r2 $==0$ &&
9/5 2 8/5
2 rl $w$ 1/5 7/5
($y==————-$ && $z==2$ $w$ &&
25
8/5 9/5 2 8/5




$z==(-1)$ 2 $w$ &&x $==0||$
6/5 9/5 2 8/5




$z==(-1)$ 2 $w$ &&x $==0||$
4/5 9/5 2 8/5




$z==(-1)$ 2 $w$ &&x $==0||$
2/5 9/5 2 8/5





$z==(-1)$ 2 $w$ &&x $==0$ ) $||$ r2 $==0$ && $((y==0||y==0||$
$y==0||y==0)$ &&z $==0$ &&w $==0$ &&x $==0||$ $(y==0||y==0||$
$y==0||y==0)$ &&z $==0$ &&w $==0$ &&x $==0||$ $(y==0||y==0||$
$y==0||y==0)$ &&z $==0$ &&w $==0$ &&x $==0||$ $(y==0||y==0||$
$y==0||y==0)$ &&z $==0$ &&w $==0$ &&x $==0||$ $(y==0||y==0||$
$y==0||y==0)$ &&z $==0$ &&w $==0$ &&x $==0$ )}
Clear[f30, dx, dy, dz, dw]
$—-$ ( ) $—-$
f46 $=x^{arrow}2+y^{arrow}3+z^{arrow}11+zw^{arrow}12+$ rl $z^{\wedge}6w^{arrow}6+$ r2 $yz^{-}4w^{arrow}4$ ;
dx $=D[f46,x]$ ;dy $=D[f46,y]$ ; dz $=D[f46$ ,zl ;dw $=D$ ; [f46, $w$];
$Timing$ [$Reduce[\{dx$ , dy, dz, dw}$==\{0,0,0,0\},$ $\{x,$ $y,$ $z,$ $w\}]$ ]
Clear [f46, dx, dy, dz, dw]
f61 $=x^{arrow}2z+y^{arrow}4+z^{\wedge}4w+w^{-}7+$ rl $y^{arrow}2zw^{\wedge}2+r2z^{-}2w^{arrow}4$ ;
dx $=D[f61,x]$ ; dy $=D[f61,y]$ ; dz $=D[f61,z]$ ; dw $=D[f61,w]$ ;
$Timing$ [$Reduce[\{dx$ , dy, dz, dw}$==\{0,0_{*}0,0\},$ $\{x,$ $y,$ $z$ . $w\}]$ ]
Clear[f61, dx, dy, dz, dw]
f65 $=x^{arrow}2z+y^{-}3+z^{\wedge}6w+w^{\wedge}11+$ rl $z^{arrow}3w^{-}6+r2yz^{-}2w^{\wedge}4$ ;
dx $=D[f65,x]$ ;dy $=D[f65,y]$ ; dz $=D[f65,z]$ ; dw $=D[f65,w]$ ; dyl $=$ dy;
dzl $=$ Together $[(dz-x^{arrow}2)/(zw)]$ ; dwl $=$ dw; Clear [f65, dx, dy, dz, dw]
dy2 $=$ Expand [dyl $w^{\wedge}6z^{\wedge}4$]; dz2 $=$ Expand $[((dzlz^{arrow}2w-dyl2y)/(-3))$
$w^{-}9z^{\wedge}6]$ ; dw2 $=$ Expand[($dwl-2$ dzl $z^{-}2$ ) $/11$]; Clear [dyl, dzl, dwl]
dy3 $=3a^{-}2+r2b^{-}2c^{\wedge}2$ ; dz3 $=2a^{-}3$ -rl $b^{-}3c^{-}3-2b^{arrow}2c^{\wedge}4$ ; dw3 $=$
$b^{arrow}2-c^{\wedge}2;Clear$ [$dy2$ , dz2, dw2]
$Timing$ [$Reduce[\{dy3$ , dz3, dw3}$==\{0,0,0\},$ $\{a,$ $b,$ $c\}]$ ]
Clear[dy3, dz3, dw3]
f80 $=x^{\wedge}2+y^{\wedge}3z+z^{-}8w+w^{\wedge}11\star$ rl $yz^{\wedge}3w^{arrow}4+$ r2 $z^{arrow}4w^{\wedge}6$ ;
dx $=D[f80,x]$ ; dy $=D[f80,y]$ ; dz $=D[f80,z]$ ; dw $=D[f80$ ,wl;
dyl $=$ Together [ dy $/z$]; dzl $=$ dz;
dwl $=$ Expand [ (2 dw $w-3$ dz $z+dyy$) $/(22w)$ ];
Clear[f80, dx, dy, dz, dw]
dy2 $=$ Expand [dyl $w^{arrow}6z^{arrow}6$];
dz2 $=$ Expand[(( $dzl-$ dyl 3 y) $w^{arrow}9z^{\wedge}9$ ) $/$ ( $-4$ )];
dw2 $=$ dwl; Clear[dyl, dzl, dwl]
dy3 $=3a^{arrow}2+r1b^{arrow}2c^{-}2$ ; dz3 $=2a^{arrow}3$ -r2 $b^{-}3c^{arrow}3-2b^{-}2c^{-}4$ ;
dw3 $=b^{-}2-c^{-}2;Clear$ [$dy2$ , dz2, dw2]
$Timing$ [$Reduce[\{dy3$ , dz3, dw3}$==\{0,0,0\},$ $\{a,$ $b,$ $c\}]$ ]
Clear[dy3, dz3, dw3]
f84 $=x^{-}3+xz^{-}3+y^{arrow}3z+yw^{\wedge}4+$ rl $z^{\wedge}2w^{arrow}3+r2xyzw$ ;
dx $=D[f84,x]$ ; dy $=D[f84,y]$ ; dz $=D[f84,z]$ ; dw $=D[f84,w]$ ;
dyl $=$ Expand[(9 dx $x-8$ dy $y-3$ dz $z+2$ dw w) /27];
dzl $=$ Expand[ (-dx $x+3$ dyl $+dzz$ ) $/$ ( $-2z)$ ];
dwl $=$ Expand [($dyy-3$ dz $z+2$ dw $w$ ) /9]; dx2 $=$ Expand[dx $z^{arrow}2$];
dy2 $=$ Expand [dyl $z^{\wedge}8$]; dz2 $=$ Expand[dzl $z^{\wedge}9$]; dw2 $=$ Expand [dwl $z^{\wedge}3$];
dx3 $=3a^{\wedge}2+r2bd\star c$ ;
dy3 $=a^{\wedge}3c-b^{-}3$ ; dz3 $=b^{-}3-r1c^{\wedge}2d^{\wedge}3-$ a $c^{-}2$ ; dw3 $=bd^{-}4-$ a $c$ ;
Clear[f84, dx, dy, dz, dw, dyl, dzl, dwl, dx2, dy2, dz2, dw2]
a $=(bd^{arrow}4)/c;Expand[dw3]$
dx4 $=$ Expand [dx3 $c^{arrow}2$]; dy4 $=$ Expand [dy3 $c^{arrow}2$]; dz4 $=$ Expand [dz3];
( $*b=0-\rangle$ from dx4$=0,$ $c=0$ . We assume $b=/0*$ )
dy5 $=$ Expand [dy4 / ( $-b^{\wedge}3$ )]; Clear [dx3, dy3, dz3, dw3, dy4, $a$]
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dx5 $=3x^{\wedge}2z+r2xy^{\wedge}2+y^{-}3$ ; dy6 $=y^{arrow}2-z^{\wedge}2$ ; dz5 $=x^{\sim}3-xyz$ -rl
$y^{arrow}2zx^{-}3-x*y*z-r1*y^{arrow}2*z;Clear$ [$dx5$ , dy6, dz5]
sl $=3t^{-}2+r2t+1$ ; s2 $=t^{arrow}3-t$ -rl;
$Timing[Reduce[\{sl, s2\}==\{0,0\}, t]]$
s3 $=3t^{arrow}2+$ r2 $t-\perp$ : s4 $=t^{arrow}3+t$ -rl;
$Timing[Reduce[\{s3, s4\}==\{0,0\}, t]]$
Clear[sl, $s2,$ $s3,$ $s4$]
f86 $=x^{arrow}2y+xw^{arrow}4+y^{\wedge}3w+z^{-}5+$ rl $zw^{-}5+$ r2 $yz^{-}2w^{\wedge}2$ ;
dx $=D[f86,x]$ ; dy $=D[f86,y]$ ; dz $=D[f86,z]$ ; dw $=D[f86,w]$ ;
dzl $=$ Expand[( $dww-5$ dz $z+8$ dy $y-4$ dx x) /25];
dwl $=$ Expand [dw $w-2$ dy $y$]; Timing [Reduce [{ $dx$ , dy, dzl, dwl} $==$
$\{0,0,0,0\},$ $\{x, y, z, w\}$]]
Clear[f86, dx, dy, dz, dw, dzl, dwl]
f91 $=x^{arrow}2\star y^{arrow}4z+yz^{\wedge}5+yw^{arrow}6\star$ rl $z^{\wedge}3w^{\wedge}4+r2y^{-}2z^{-}2w^{\wedge}2$ ;
dx $=D[f91,x]$ ; dy $=D[f91$ ,yl; dz $=D[f91,z]$ ; dw $=D[f91,w]$ ;
$Timing$ [$Reduce[\{dx$ , dy, dz, dw}$==\{0,0,0,0\},$ $\{x,$ $y,$ $z,$ $w\}]$ ]
$Clear[f91$ , dx, dy, dz, $dwl$
f57 $=x^{-}2y+y^{arrow}4+xz^{arrow}3+w^{arrow}6\star$ rl $y^{\wedge}2w^{arrow}3+$ r2 $yz^{\wedge}2w^{-}2+r3z^{-}4w$ ;
dx $=D[f57,x1$ ; dy $=D[f57,y]$ ; dz $=D[f57,z]$ ; dw $=D[f57,w]$ ;
( $*y$ is not equal to zero $x=0$ and $w=/O->r1=2$ or $-2*$ )
dyl $=$ Expand[$z^{arrow}3$ (2 $y$ dy $-x$ dx)]:
dzl $=$ Expand[$z^{-}3$ ( $z$ dz $-2y$ dy $+xdx)/4$];
dwl $=$ Expand [$z^{arrow}6$ (4 $w$ dw $-z$ dz $-6y$ dy $+3xdx)/24$];
Clear [dx. dy. dz. dw. dy1. dz 1,dw1]
$(*x=X, y=Y, z^{\wedge}3=Z, wz=W*)$
dx2 $=2XY+Z$ ;dy2 $=4$ rl $Y^{arrow}2N^{\wedge}3+8Y^{-}4Z+2$ r2 $YZW^{\wedge}2-XZ^{arrow}2$ ;
dz2 $=$ -rl $Y^{\wedge}2W^{-}3-2Y^{-}4Z+XZ^{\wedge}2+r3Z^{-}2W$ ;dw2 $=W^{\wedge}6-Y^{\wedge}4Z^{arrow}2$ :
$Z=-2XY$ : dy3 $=Expand[dy2/(4Y^{-}2)]$ ; dz3 $=$ Expand $[dz2/Y^{arrow}2]$ ;
dw3 $=$ Expand [dw2] ; dzz $=$ Expand $[(dz3+dy3)/X]$ ; X $=N^{-}3/(2Y^{-}3)$ ;
Expand $[(dy3SY^{arrow}9)/(W^{\wedge}3)]$ ; Expand $[(dzz4Y^{\wedge}6)/(W^{arrow}2)]$ ;
Clear [dx2, dy2. dz2. dw2, dx3, dy3. dz3,dzz]
$(*W^{\wedge}2=a, Y^{\wedge}3=b*)$
dx4 $=-a^{\wedge}3-4$ r2 a $b^{-}2-16b^{\wedge}3+8$ rl $b^{\wedge}3$ ;
dy4 $=3a^{arrow}2+8$ r3 a $b-4$ r2 $b^{\wedge}2$ ; $(*t=a/b*)$
Clear [dx4, dy4]
dx5 $=-t^{-}3-4$ r2 $t-16+8$ rl; dy5 $=3t^{\wedge}2+8$ r3 $t-4r2$ ;
$Timing$ [$Reduce[\{dx5$ , dy5}$==\{0,0\},$ $\{t\}]$ ]
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